We introduce a systematic study of contact structures with pseudo-Riemannian associated metrics, emphasizing analogies and differences with respect to the Riemannian case. In particular, we classify contact pseudo-metric manifolds of constant sectional curvature, threedimensional locally symmetric contact pseudo-metric manifolds and three-dimensional homogeneous contact Lorentzian manifolds.
are characterized by the Ricci curvature condition (ξ, ξ ) = 2n, does not hold for general contact pseudo-metric structures (cf. Example 2.8). In Section 3 we shall describe general D-homothetic deformations and other deformations of a contact pseudo-metric structure. The classification of contact pseudo-metric manifolds of constant sectional curvature, in dimension 5, will be given in Section 4. We shall prove that in such dimensions, the value of the constant sectional curvature is determined by the casual character of the Reeb vector field ξ . In particular, there are not flat contact pseudo-metric manifolds of dimension 5. In Section 5 we shall classify three-dimensional locally symmetric contact pseudo-metric manifolds and three-dimensional homogeneous contact Lorentzian manifolds. In particular, we will show that the three-sphere group SU(2) is the only simply connected three-manifold which admits a homogeneous contact Lorentzian metric with scalar cur-
2 , where τ is the torsion invariant introduced by Chern and Hamilton in [10] ; and the Lie group E(1, 1) is the only simply connected three-manifold admitting a flat homogeneous contact Lorentzian metric.
Basic formulae
An almost contact structure on a (2n + 1)-dimensional smooth manifold M is a triplet (ϕ, ξ, η), where ϕ is a (1, 1)-tensor, ξ a global vector field and η a 1-form, such that (X) ,
Moreover, the vanishing of N (1) implies N (2) = N (3) = N (4) = 0 [20, 21] . Thus, N (1) = 0 is a necessary and sufficient condition for the integrability of J . Next, we prove the following. Suppose from now on that (M 2n+1 , η, g) is a contact pseudo-metric manifold. We denote by ∇ the Levi-Civita connection of M. Taking into account (2.1) and (2.3), we have (dη)(ξ, X) = −g(X, ϕξ) = 0 and so, denoting by L the Lie derivative,
On the other hand, since η(X) = εg(ξ, X), from L ξ η = 0 we get
for any vector field X . Therefore, ∇ ξ ξ = 0, that is, the integral curves of ξ are geodesic. Moreover, using (2.3), we get
and so, N (2) (X, Y ) = 2(dη)(ϕ X, Y ) − 2(dη)(ϕY , X) = 0. Moreover, (2. 3) yields at once dΦ = 0. Hence, Lemma 2.1 implies the following. 
Corollary 2.2. In a contact pseudo-metric manifold
, (2.5) which plays an important role in describing the geometry of a contact pseudo-metric manifold. Moreover, using (2.4), the following properties of the covariant derivative can be proved by direct calculation: 6) ∇ X ξ = −εϕ X − ϕhX. ( 
2.7)
Exactly as in the Riemannian case, using (2.6) and (2.7), one can easily prove that h is self-adjoint, hϕ = −ϕh and hξ = tr h = 0. Moreover, putting τ = L ξ g, one has
τ (X, Y ) = 2g(X, hϕY ).
Next, a standard orthonormalization process shows that any (almost) contact pseudo-metric manifold (M 2n+1 , η, g) admits a special kind of local pseudo-orthonormal basis, called a ϕ-basis. Such a basis is of the form {ξ, e 1 , . . . , e n , ϕe 1 , . . . , ϕe n }, where, by (2.2) , if e i is a space-like (respectively, time-like) vector field, then ϕe i is again space-like (respectively, time-like).
In particular, a pseudo-Riemannian metric compatible with an almost contact structure is either of signature (2p + 1, 2n − 2p) or of signature (2p, 2n − 2p + 1), according to whether ξ is space-like or time-like. We now prove the following.
Lemma 2.3. In a contact pseudo-metric manifold
Proof. Consider a local ϕ-basis {ξ, E 1 , . . . , E 2n } = {ξ, e 1 , . . . , e n , ϕe 1 , . . . , ϕe n } on M 2n+1 . Then, since ∇ ξ ξ = 0 and hϕ = −ϕh, using (2.1) and (2.7) we have
Moreover, we also obtain div η = − tr ∇η = −ε div ξ = 0. 2
We recall the following. 
: g(x, x) = 1 and the pseudo-hyperbolic space
, both of dimension (2n + 1), of index 2s and (2s − 1) and of constant sectional curvature 1 and −1 respectively. They have a canonical structure of Sasakian pseudo-metric manifolds, with characteristic vector field space-like and time-like respectively [22] . As proved in [1] We now prove the following characterization (see also [1] 
which proves (2.8). Conversely, if (2.8) holds, taking Y = ξ in (2.8) we get ∇ X ϕξ − ϕ∇ X ξ = −εϕ X . Applying ϕ to both sides, we find ∇ X ξ = −εϕ X and so,
Therefore, dη has rank 2n and (ϕ, ξ, η, g) is a contact pseudo-metric structure. Moreover, comparing equation above with (2.7) we have at once ϕh = 0 and so, h = 0. Finally, we now have
and so, M is Sasakian. 2
In particular, taking Y = ξ in (2.8), we easily prove the following.
Corollary 2.7. A Sasakian pseudo-metric manifold is K -contact.
The converse in Corollary 2.7 does not hold in general, but we will prove that it holds in dimension three (see Theorem 3.8).
We now investigate some curvature properties of a contact pseudo-metric manifold (M 2n+1 , η, g). We denote by R its curvature tensor of M, taken with the sign convention
(note that this convention is opposite to the one used in [4] ). Using (2.7) and ∇ ξ ϕ = 0, we have
(2.9)
Next, applying ϕ to (2.9), we easily get
which also implies
So, we proved 
It is worthwhile to remark here a difference between the Riemannian case and the general pseudo-Riemannian one. In fact, in both cases, tr h 2 = 0 implies (ξ, ξ ) = 2n. Moreover, it is well known that K -contact Riemannian manifolds are characterized by the condition (ξ, ξ ) = 2n, since it implies tr h 2 = 0 and so, h = 0 because h is diagonalizable (Theorem A of [3] ). We shall prove in Proposition 4.7 that for any contact pseudo-metric manifold (M
On the other hand, there exist contact pseudo-metric manifolds for which tr h 2 = 0 but h = 0, as we show in the following. It is easily seen that the left-invariant pseudo-Riemannian metric g described by (2.13) and the tensors described by (2.14)
define a left-invariant contact pseudo-metric structure (ϕ, ξ, η, g) on G. We then use (2.12) and (2.14) to calculate 2h = L ξ ϕ.
A straightforward calculation gives 
Deformations of contact pseudo-metric structures
Starting from a given contact pseudo-metric manifold (M, η, g), we consider different kinds of deformations of (ϕ, ξ, η, g), which permit to find new and interesting examples of contact pseudo-metric structures. We shall investigate how geometric properties of (ϕ, ξ, η, g) change under such deformations.
Reversing the contact pseudo-metric structure
Let (ϕ, ξ, η, g) be an almost contact pseudo-metric structure on a smooth manifold M 2n+1 . Then, tensorŝ
define another almost contact pseudo-metric structure on M 2n+1 . In the special case when η is a contact form and g is associated to (ϕ, ξ, η), the metric −g is associated to (ϕ, −ξ, −η) (and conversely). Since the replacement of a pseudoRiemannian metric g by −g is called "reversing the metric" [14] , we call the deformation of (ϕ, ξ, η, g) described in (3.1) reversing the contact pseudo-metric structure. Notice thatĝ(ξ ,ξ) = −ε.
It is easy to check that contact pseudo-metric structures (ϕ, ξ, η, g) and (φ,ξ,η,ĝ) have the same geometric properties: the former is K -contact, Sasakian, locally symmetric, of constant sectional curvature, etc., if and only if so is the latter. Thus, one essentially can reduce the study of (φ,ξ,η,ĝ) to the one of (ϕ, ξ, η, g). For this reason, deformation (3.1) was used by Takahashi [22] to restrict the study of Sasakian pseudo-metric manifolds to the case when the characteristic vector field ξ is space-like. For example, reversing the standard Sasakian pseudo-metric structure of H 2n+1 2s−1 (−1), we get a Sasakian pseudometric structure of constant sectional curvature 1, which identifies with the standard Sasakian pseudo-metric structure of S 2n+1 2(n−s+1) (1) [22] .
However, as already pointed out in [11] , there are some cases when the choice of a time-like Reeb vector field is the most natural. For example, if (M, η, g) is a contact space-time, taking a time-like Reeb vector field ξ , we have that the restriction of the Lorentzian metric g on Ker η is space-like, that is, Riemannian.
D-homothetic deformations
Let (M 2n+1 , η, g) be a contact pseudo-metric manifold, with g(ξ, ξ ) = ε. Then, it is easy to check that, for any real
describe another contact pseudo-metric structure on M 2n+1 , having the same contact distribution Kerη = Ker η, which we call a D-homothetic deformation of (ϕ, ξ, η, g). Clearly, (3.2) is the natural pseudo-Riemannian generalization of Dhomothetic deformations of a contact Riemannian structure, where one has g(ξ, ξ ) = 1 and needs to assume t > 0 so thatg is still Riemannian [23] . Notice thatg(ξ , X) = εη(X). In particular,ε =g(ξ,ξ) = g(ξ, ξ ) = ε, that is, D-homothetic deformations preserve the causal character of the Reeb vector field.
We first calculate the Levi-Civita connection∇ ofg in terms of g. By (3.2), the pseudo-Riemannian metric
is homothetic tog. Therefore,∇ = ∇ and R = R. Using (3.3) and the Koszul formula, a long but straightforward calculation
from which, again taking into account (3.3), we havẽ
Note that using η(X) = εg(X, ξ) and (2.7), we can rewrite (3.4) as follows:
We now prove the following. 
We now turn our attention to the curvature ofg. We start with the following.
) be a contact pseudo-metric manifold and (φ,ξ,η,g) the D-homothetic deformation described by (3.2) . Then, for all X, Y , Z ∈ Ker η = Kerη:
Proof. To prove Eq. (3.7), we write (2.9) for the contact metric structure (φ,ξ,η,g). We then use (3.4) to calculate∇ξh and (2.9) to express ∇ ξ h in terms of . Eq. (3.8) follows from (3.4) by a long but straightforward calculation, using the fact that,
) be a contact pseudo-metric manifold. Since g(ξ, ξ ) = ε = ±1, the tangent planes spanned by {ξ, X} and {X, ϕ X} are nondegenerate for any vector field X ∈ Ker η which is either space-like or time-like. This leads to the following. Definition 3.3. Let (M, ϕ, ξ, η, g) be a contact pseudo-metric manifold and X ∈Ker η, either space-like or time-like. We put
We call K (ξ, X) the ξ -sectional curvature determined by X , and K (X, ϕ X) the ϕ-sectional curvature determined by X .
Moreover, the Ricci tensors and scalar curvatures satisfỹ
Proof. Eqs. (3.9) and (3.10) easily follow from Proposition 3.2 and Eq. (3.2). In order to obtain Eq. (3.11), we first prove the following 
(3.17) 
Change of the causal character of the Reeb vector field
We shall establish a relationship between pseudo-Riemannian metrics of different signature associated to the same almost contact structure. Let (ϕ, ξ, η) be an almost contact structure (respectively, a contact structure) on a smooth manifold M 2n+1 , and g a compatible (respectively, an associated) pseudo-Riemannian metric, with g(ξ, ξ ) = ε. Then, (2.1) and (2.2) easily imply that the pseudo-Riemannian metric
is still compatible with (respectively, associated to) the same almost contact metric structure (ϕ, ξ, η). However,ε = g(ξ, ξ ) = −ε. Hence, the change of metric described by Eq. (3.18) transforms a compatible pseudo-Riemannian metric of signature (2p + 1, 2n − 2p) into one of signature (2p, 2n − 2p + 1) and conversely. Thus, we have the following. Proposition 3.6 clarifies the structure of the set of pseudo-Riemannian metrics associated to the same almost contact structure. Moreover, it permits to obtain the following existence result. 
Proof. It is well known that, since M
2n+1 is paracompact, it admits a Riemannian metric g . Then,
is a Riemannian metric compatible with (ϕ, η, g). We then defineḡ by (3.18) with ε = g(ξ, ξ ) = 1. Since g is Riemannian,
g has signature (2n − 1, 1) and so, is a Lorentzian metric. By Proposition 3.6,ḡ is compatible with the same contact structure. 2
We explicitly remark that if we take t = −1 in (3.2), theng = −g + 2εη ⊗ η and, by (3.3), g = −g =ḡ. 
Using (3.6) and the characterization proved in Theorem 2.6, we obtain that (M, η,ḡ) is Sasakian if and only if so is (M, η, g ).
In particular, in dimension three we have the following result.
Theorem 3.8. A three-dimensional K -contact pseudo-metric manifold is Sasakian.
Proof. We first remark that, reversing the contact pseudo-metric structure when needed, three-dimensional contact pseudostructures reduce to the Riemannian and the Lorentzian ones (with ξ time-like). It is well known that a three-dimensional K -contact Riemannian manifold is Sasakian (see for example [4] ). Suppose now that g is Lorentzian with ξ time-like. The
Riemannian metricḡ = g + 2η ⊗ η is related to g by (3.18) (with ε = −1) and so, is associated to (ϕ, ξ, η).
Finally, the following formulae, describing the curvature ofḡ, can be easily deduced from (3.18) and Theorem 3.4, taking 
b) The Ricci tensor and scalar curvature ofḡ satisfȳ 24) for all X , Y ∈ Ker η.
We can now use the deformation described in (3.18) to prove the following. 
(see for example [4] ). Consider now the Lorentzian metric g 0L = g 0 − 2η ⊗ η, obtained applying the deformation (3.18) to the contact Riemannian structure described by (3.27). Then,
It is easy to check, by direct calculation, that the Ricci eigenvalues of g 0L are λ 1 = λ 2 = 0 and λ 3 = 8, the Reeb vector field ξ is a Ricci eigenvector for g 0L , corresponding to the Ricci eigenvalue 0, and the scalar curvature is given by r 0L = 8, according to formulae (3.21)-(3.24). Clearly, (ϕ, ξ, η, g 0L ) is not flat any more. In particular, (ϕ, ξ, η, g 0L ) gives an example of contact Lorentzian three-manifold, not Sasakian, of constant ϕ-sectional curvature equal to 4. A flat contact Lorentzian structure on R 3 will be described in Section 5.
If we consider the diffeomorphism
. It is evident that the contact metric structure (η 0 ,ḡ 0R ) is invariant under the group of translations generated by (x i → x i + 2π ) and so, it induces a flat contact metric structure on the torus T 3 . Applied to this contact metric structure, the deformation (3.18) then gives a contact Lorentzian structure on the compact manifold T 3 , which is not flat but has constant ϕ-sectional curvature equal to 4.
Contact pseudo-metric manifolds of constant sectional curvature
The main purpose of this section is to prove the following fundamental result, which generalizes the classification obtained by Olszak in [16] . 
and, in the same way,
ϕY η(Z).
Summing up the two equations above, since Z is arbitrary, we find 
Summing up the last two equations and using (4.2), we obtain (4.1). 
(4.8)
Proof. Since g satisfies (2.3), dΦ = 0, from which one gets (4.4) by a straightforward calculation. Eq. (4.5) is obtained 
replacing from equations above one obtains (4.8). 2
We now introduce the * -Ricci tensor * and the * -scalar curvature r * of a contact pseudo-metric manifold (M, η, g) by contracting the curvature tensor by ϕ instead of by the metric. Precisely, we consider
where {E 1 , . . . , E 2n+1 } is a pseudo-orthonormal basis. These notion have their origin in almost Hermitian geometry. 
Thus, at p we have 2n+1 i, j=1
On the other hand, taking into account (2.11), a direct calculation gives 2n+1 i, j=1 
(4.13)
Suppose now that k = ε. Then, we write (4.13) replacing X by h X. Taking account h
(4.14)
We then use (4.14) to calculate ∇ϕ 
Since M has constant sectional curvature k, we have r = 2n(2n + 1)k and it is easily seen that r * = 2nk. Thus, replacing into (4.9), we obtain
But formula above implies k = ε, against our assumption, because n 2 − n = 0 contradicts 2n + 1 5. Therefore, k = ε. Then, by (4.12), h 2 = 0 and so, by Proposition 4.7, h = 0. Replacing into (4.14), we obtain
and so, by Theorem 2.6, (M, η, g) is Sasakian. 2
Three-dimensional homogeneous contact Lorentzian manifolds
To complete the classification of contact pseudo-metric manifolds of constant sectional curvature and to find some relevant non-Sasakian examples, we now turn our attention to the three-dimensional case, where we shall classify all homogeneous contact pseudo-metric manifolds.
We proved in the previous section that in dimension 2n + 1 5 there are not flat contact pseudo-metric structures. In the following example, we exhibit a three-dimensional flat contact metric structure. and η ∧ dη = 0. Thus, η is a contact form. The associated Reeb vector field ξ , completely determined by the conditions η(ξ) = 1 and (dη)(ξ, ·) = 0, is given by
Then, (5.1) implies that g(ξ, ξ ) = −1, the contact distribution is spanned by vector fields 
Lorentzian structure on R 3 . Since {ξ, E 1 , E 2 } is a pseudo-orthonormal basis and the Lie brackets are given by 4) we find that the only non-vanishing covariant derivative of the Levi-Civita connection ∇ of (M, g) are
Thus, the curvature tensor satisfies
) is a flat contact Lorentzian structure on R 3 . Note that ξ is not a Killing vector field, as ∇ E 2 ξ = −2E 1 . Moreover, from (5.4) we obtain hE 1 = E 1 and hE 2 = −E 2 .
As we already remarked, reversing the contact pseudo-metric structure when needed, in dimension three we can restrict to the case when the associated metric is either Riemannian or Lorentzian with ξ time-like. Locally symmetric contact Riemannian three-spaces were classified in [6] , while the classification of the homogeneous ones was obtained by the second author in [17] . Thus, it suffices to consider the case when the associated pseudo-metric g satisfies g(ξ, ξ ) = ε = ±1, g | Ker η is a Riemannian metric.
Theorem 5.2. A three-dimensional locally symmetric contact pseudo-metric manifold (M, η, g) is either flat or of constant sectional
The following result is an immediate consequence of Theorem 5.2 and of a result of [22] . Note that the pseudo-sphere S 3 2 (1), which admits a symmetric contact pseudo-metric structure, is nothing but the pseudo-hyperbolic space H 3 1 (−1) with the reversed structure.
To prove Theorem 5.2, we start from the following. classification result.
Theorem 5.4. (See [8].) A three-dimensional Lorentzian locally symmetric space is locally isometric to either
(i) a Lorentzian space form S 3 1 , R 3 1 or H 3 1 ; (ii) a direct product R × S 2 1 , R × H 2 1 , S 2 × R or H 2 × R; or (iii) a
symmetric space admitting a parallel null (that is, light-like) vector field.
We will prove that cases (ii), (iii) of Theorem 5.4 only occur when the compatible Lorentzian metric is flat. First of all, we state the following result, which can be easily obtained from (2.7) and (2.9) and can be proved exactly as its contact Riemannian analogue [6] .
Lemma 5.5. If a contact pseudo-metric manifold is locally symmetric, then
Note that, because of Lemma 5.5, By (2.9) and (2.1) we have that if (M, η, g) is locally symmetric, then
for any tangent vector X . We now consider the reducible case of Theorem 5.2, proving the following. 
Since ξ is time-like, it cannot be tangent to the space-like unidimensional factor. So, denoting by e 1 = ∂ ∂t the local unit vector field tangent to R and by w the projection of ξ on M 2 , we have ξ = e 1 + w, with w = 0. Since ξ is time-like but e 1 is space-like, w is necessarily time-like. We then proceed as in the previous case, using the fact that the manifold is reducible to conclude that k = 0 and the manifold is flat. 2
With regard to Lorentzian three-spaces admitting a parallel null vector field, we prove the following more general result. (5.6) where ε = ±1. In the sequel, we shall take ε = 1, so that the Lorentzian metric g has signature (+, +, −). A general description of these manifolds was given in [9] . In particular, as shown in [9] , the only non-vanishing covariant derivatives of the Levi-Civita connection ∇ of (M, g) are
where we put
. Next, the only non-vanishing local components of the curvature tensor are 
form a (local) pseudo-orthonormal frame field on (M, g), with e 3 time-like. 
Using (5.8) and (5.9), a standard calculation now gives 
Applying (5.11) to (5.10), we then find
On the other hand, if f xx = 0 at some point p, we necessarily have either b = 0 or
We will show that both conditions lead to a contradiction. Suppose first that b = 0 at p. Then, using (5.10) into (5.5), we easily find
Hence, f xx · (c − a) 2 = 0 and so, a = c at p. But then, ξ p = a(e 1 + e 3 ) p is a light-like vector field, which cannot occur. In the same way, if a Let (M, η, g L , ξ, ϕ) be a simply connected homogeneous contact Lorentzian three-manifold, with ξ time-like, and consider the Riemannian metric g determined by g L and η via (3.18) , that is, g = g L + 2η ⊗ η. Since both g L and η are invariant under the action of the group G, so is the contact Riemannian structure (η, g, ξ, ϕ) on M. Therefore, three-dimensional homogeneous contact Lorentzian structures are in a one-to-one correspondence with the Riemannian ones via (3.18) . For this reason, we start from the classification of three-dimensional homogeneous contact Riemannian structures.
The second author proved in [17] that if (M, η, g) is a simply connected three-dimensional homogeneous contact Riemannian manifold, then M = G is a Lie group and the contact metric structure (η, g, ξ, ϕ) is left-invariant. In turn, this implies at once that (η, g L , ξ, ϕ) is also left-invariant. Next, the classification obtained in [17] (see also [18] ) can be restated in the following form, using the scalar curvature r and the torsion invariant τ = 2 √ tr h 2 introduced by Chern and Hamilton in [10] .
• Sasakian case (τ = 0).
(1) If G is unimodular, then it is (a) the Heisenberg group H 3 when r = −2; (b) the 3-sphere group SU(2) when r > −2; (c) the group SL(2, R) when r < −2. 
• Non-Sasakian case ( τ = 0 is a constant).
(1) If G is unimodular, then it is (a) SU(2) when r > −2(1 − Thus, the classification above leads at once to the following. • Non-Sasakian case ( τ = 0 is a constant).
( Next, Example 5.1 describes explicitly a flat left-invariant contact Lorentzian structure, which, by (5.4), corresponds to the Lie group E(1, 1). Three-dimensional Lie groups admitting a flat left-invariant Lorentzian metric were classified by the second author in [7] (see also [15, 19] ). Comparing such classification with Theorem 5.8, we get the following.
Corollary 5.10. The Lie group E(1, 1) is the only simply connected three-manifold which admits a flat homogeneous contact Lorentzian metric.
Note that, correspondingly, Theorem 3.1 of [17] yields that the universal covering of the Lie group E(2) is the only simply connected three-manifold which admits a flat homogeneous contact Riemannian metric.
Remark 5.11.
(a) We now describe explicitly left-invariant contact Lorentzian structures on three-dimensional Lie groups G. If G is unimodular, its Lie algebra g admits a basis {e 1 
